896 Chapter 15: Multiple Integrals

Exercises|

Sketching Regions of Integration
In Exercises 1-8, sketch the described regions of integration.
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Finding Limits of Integration .

In Exercises 9-18, write an iterated integral for ff rdA over the
described region R using (a) vertical cross-sections, (b) horizontal
cross-sections.
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13. Bounded by y = Vx,y=0,andx = 9

14, Bounded by y = tanx, x = 0, and y=1

15. Boundedby y = ¢*,y = 1, and x = In 3

16. Boundedby y = 0, x = O,y=1l,andy =Inx
17. Boundedby y =3 — 2x,y = x, and x = 0
18. Bounded by y = 22 and y=x+2

Finding Regions of Integration and Double Integrals
In Exercises 19-24, sketch the region of integration and evaluate the
integral.
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In Exercises 25--28, integrate f over the given Tegion.

25. Quadrilateral f(x,y) = x/y over the region in the fiyg quad-
rant bounded by the lines y = x,y = 2x, x = Iandx = 9

26. Triangle f(x,y) = x® + y2 over the triangular region wig, ver-
tices (0, 0),(1, 0), and (0, 1)

Viu over the triangular region ¢y

Triangle f(u,v)=v —~

“~ from the first quadrant of the 1v-plane by theline u + y = |

28. Curved region f(s,f) = ’Int over the region in the first quad-

rant of the s¢-plane that lies above the curve s = Ins from 1 = |
tot =2

Each of Exercises 29-32 gives an integral over a region in a Cartesian
coordinate plane. Sketch the region and evaluate the integral,
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Reversing the Order of Integration
In Exercises 33-46, sketch the region of integration and write an
equivalent double integral with the order of integration reversed.
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Exercises 47-56, sketch the region of integration, reverse the order
integration, and evaluate the integral.

T [Tsiny S

/ / —~ - dydx 48. / / 2y sin xy dy dx
Jo Jx - 0Jx
: 1 pl 2 p4—x? €2y
: / / e d dy 50. / / Py
JoJy 0/0 Y

’ V3 pVin3
/ e dx dy
0 ¥/2

3 pt
/ / &’ dy dx
0 J Va3
116 p1j2-
/ / cos (16mx°) dx dy
0 y1/4
[l
0 JVx yH+ 1
quare region I (¥ — 2x?) dA where R is the region bounded
y the square |x| + |y| = 1

Triangular region ' f f RXy dA where R is the region bounded by
thelinesy = x,y = 2x,and x +y = 2

me Beneath a Surface z = F(x, y)

Find the volume of the region bounded above by the paraboloid
= x? + y? and below by the triangle enclosed by the lines
y=xx=0,and x + y = 2 in the xy-plane.

Find the volume of the solid that is bounded above by the cylin-
der z = x* and below by the region enclosed by the parabola
y.= 2 — x* and the line y = x in the xy-plane.

Find the volume of the solid whose base is the region in the xy-
plane that is bounded by the parabola y = 4 — x* and the line
y = 3x, while the top of the solid is bounded by the plane
z=x+ 4

Find the volume of the solid in the first octant bounded by the
coordinate planes, the cylinder x? + y? =4, and the plane

=4 —y%

Find the volume of the solid cut from the first octant by the sur-
facez =4 — x2 — y. ’

Find the volume of the wedge cut from the first octant by the cyl-
inder z = 12 — 3y? and the plane x + y = 2.

Find the volume of the solid cut from the square column
|x] + |y| = 1 by the planes z = 0 and 3x + z = 3.

Find the volume of the solid that is bounded on the front and back
by the planes x = 2 and x = 1, on the sides by the cylinders
y= 11/x, and above and below by the planes z = x + 1 and
=0.

Find the volume of the solid bounded on the front and back by the
Planes x = +ar/3, on the sides by the cylinders y = *secx,
above by the cylinder z = 1 + y?, and below by the xy-plane.
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In Exercises 67 and 68, sketch the region of integration and the solid
whose volume is given by the double integral.
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Integrals over Unbounded Regions

Improper double integrals can often be computed similarly to
improper integrals of one variable. The first iteration of the following
improper integrals is conducted just as if they were proper integrals.
One then evaluates an improper integral of a single variable by taking
appropriate limits, as in Section 8.8. Evaluate the improper integrals
in Exercises 69-72 as iterated integrals.
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Approximating Integrals with Finite Sums .
In Exercises 73 and 74, approximate the double integral of f(x, y) over
the region R partitioned by the given vertical lines x = g and horizon-
tal ‘lines y = c. In each subrectangle, use (x, y) as indicated for your
approximation. '

// FCy) dA ~ kif(xk,yk) Ady
=1

R

73. f(x,y) = x -+ y over the region R bounded above by the semi-
circle y = V1 — x* and below by the x-axis, using the partition
x=-1,-1/2,0,1/4,1/2,1and y = 0, 1/2, 1 with (x,, y,) the
lower left corner in the kth subrectangle (provided the subrectan-
gle lies within R) ’

74. f(x,y) =x + 2y over the region R inside the «circle
(x — 2)* + (y — 3)* = 1 using the partition x = 1,3/2,2,5/2,
3and y = 2,5/2,3,7/2, 4 with (x, y;) the center (centroid) in
the kth subrectangle (provided the subrectangle lies within Rj

Theory and Examples

75. Circular sector Integrate f(x, ¥) = V4 — x2 over the smaller
sector cut from the disk x* + y* =< 4 by the rays § = /6 and
0= a/2.

76. Unboundedregion Integrate f(x, y) = 1/[ (x* — x)(y — 1)%?]
over the infinite rectangle 2 < x < 00,0 < y =< 2.

77. Noncircular cylinder A solid right (noncircular) cylinder has

its base R in the xy-plane and is bounded above by the paraboloid
z = x* + y. The cylinder’s volume is

1 py 2 p2-y
V=//(x2+y2)dxdy+// (% + y2) dx dy.
0JO 140

Sketch the base region R and express the cylinder’s volume as a
single iterated integral with the order of integration reversed.
Then evaluate the integral to find the volume,
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Converting to a double integral Evaluate the integral

2
/ (tan~!mrx — tan™' x) dx.
0

(Hint: Write the integrand as an integral.)

Maximizing a double integral What region R in the xy-plane
maximizes the value of

// (4 — x2 — 2y%) dA?

Give reasons for your answer.

Minimizing a double integral What region R in the xy-plane
minimizes the value of

//(xz 3 — 9) da?

R
Give reasons for your answer.

Is it possible to evaluate the integral of a continuous function f(x, y)
over a rectangular region in the xy-plane and get different answers
depending on the order of integration? Give reasons for your
answer.

How would you evaluate the double integral of a continuous

function f(x, y) over the region R in the xy-plane enclosed by the .

triangle with vertices (0, 1), (2, 0), and (1, 2)? Give reasons for
your answer.

Unbounded region Prove that
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1 5.3 Area by Double Integration

84. Improper double integi'al Evaluate the improper integra]

R
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COMPUTER EXPLORATIONS
Use a CAS double-integral evaluator to estimate the values of the

integrals in Exercises 85-88.
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Use a CAS double-integral evaluator to find the integrals in Exerciges
89-94. Then reverse the order of integration and evaluate, again with
aCAS.
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In this section we show how to use double integrals to calculate the areas of bounded
regions in the plane, and to find the average value of a function of two variables.

Areas of Bounded Regions in the Plane

If we take f(x, y) = 1 in the definition of the double integral over a region R in the preced-
ing section, the Riemann sums reduce to T

Sy = D FOr Y A4y = ) A4, M
=1 =

This is simply the sum of the areas of the small rectangles in the partition of R, and approxi-
mates what we would like to call the area of R. As the norm of a partition of R approaches Zeo:
the height and width of all rectangles in the partition approach zero, and the coverage of R
becomes increasingly complete (Figure 15.8). We define the area of R to be the limit
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